We study the statistics of the primordial power spectrum in models where massless gauge vectors are coupled to the inflaton, paying special attention to observational implications of having fundamental or effective horizons embedded in a bath of infrared fluctuations. As quantum infrared modes cross the horizon, they classicalize and build a background vector field. We find that the vector experiences a statistical precession phenomenon. Implications for primordial correlators and the interpretation thereof are considered. Firstly, we show how in general two, not only one, additional observables, a quadrupole amplitude and an intrinsic shape parameter, are necessary to fully describe the correction to the curvature power spectrum, and develop a unique parametrization for them. Secondly, we show that the observed anisotropic amplitude and the associated preferred direction depend on the volume of the patch being probed. We calculate nonzero priors for the expected deviations between detections based on microwave background data (which probes the entire Hubble patch) and large scale structure (which only probes a fraction of it).
Introduction
One of the most intriguing observational consequences inflation with spectator vector fields is that it quite generally predicts anisotropic corrections to primordial correlation functions such as the curvature power spectrum (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and references therein). Searches for imprints in cosmological data have largely been plagued by systematics and/or foregrounds, leaving the empirical situation unclear [17] [18] [19] [20] . Very recently, however, a null-detection with two-percent order error bars has been reported based on foreground-cleaned and beam-corrected sky maps from the Planck satellite [21] (see also [22] for the most updated WMAP9 constraint). This leaves the status of a primordial anisotropy more or less similar to the related issue of non-Gaussanities: consistent with null and with decreasing error bars. Still, in the era of high-precision cosmology theoretical and observational effort will continue to constrain the space of theories in order to learn which type of interactions in the early universe are phenomenologically viable.
In models with vector fields coupled directly to the inflaton, the amplitude of the primordial anisotropy is typically determined by the fundamental parameters describing the interaction Lagrangian, which are therefore precious to explore the viability of a particular high-energy theory. The power spectrum in this setup is normally parametrized by an axisymmetric quadrupole correction to the isotropic monopole term. Such a quadrupole provides three new empirical parameters: an amplitude g(k) and a preferred directionn (described for instance by two spherical coordinates ϑ and ϕ) defining the axis of rotational invariance. However, in a universe which at late times is, or looks, isotropic at the background level, there is no way to predict the preferred direction of perturbations. Consequently, the only additional parameter connecting theory to observations is the amplitude g(k). The axial symmetry of the quadrupole is a consequence of the symmetries of the vector field that is present during inflation. Thus, although the quadrupole correction is anisotropic, there remains one rotational symmetry whose axis is set by the direction of the vector. Nevertheless, if the vector field rotates / precesses as inflation proceeds, or if randomly oriented multiple vector fields are present, it is natural to expect the residual symmetry to be broken.
In this paper we shall consider vector models coupled to the inflaton via the Lagrangian I 2 (φ)F 2 , where I(φ) is a scalar function of the inflaton field φ, and F is the strength of a (single) gauge vector A µ . If there is only one vector field, there exists an anisotropic Bianchi type I attractor with a stable non-rotating background vector field E 0 [23] [24] [25] [26] [27] [28] [29] . However, quite recently it was pointed out that the aforementioned attractor solutions are unstable with respect to quantum corrections [30] . Quantum fluctuations of the vector field will continuously be transferred from the ultraviolet to superhorizon scales where they become classical (commuting) fields. Therefore, in addition to the electric-type vector E 0 , which is the solution of the classical equations, there will be a contribution E IR from super horizon fluctuations which modulates the primordial power spectrum via loop terms. 1 It was shown in [30] that the the effective interaction Hamiltonian associated with E IR is structurally similar to the one of E 0 , and that (in the single vector setup) it leads to significant corrections to primordial correlators. In [31] we explored observational consequences in the multivector context with a background attractor solution free of anisotropic stress, and showed that the isotropy of the underlying model is spontaneously broken by long wavelength gauge modes. In this setup structurally new types of signatures appear and we showed that there exists a new local observable, χ, which is exactly scale invariant and measures the quadrupole's departure from axial symmetry. For a general-type quadrupole, lacking any rotational symmetry, this parameter goes hand in hand with the amplitude g(k) and both must be considered to fully link a theoretical model to observations at the two-point level. The first purpose of this paper is to provide a complete discussion of this parametrization, first employed in [31] , including a proof of its mathematical consistency.
Next, we want to further discuss and identify observational implications of the IR vector. Although E IR is quasi-homogeneous, in the sense that its fluctuations cannot be probed locally within a Hubble patch, it varies over length scales much larger than the causal horizon. This leads to a landscape picture where primordial correlators depend on the local realization of the infrared vector or, equivalently, the position of the observer within the entire inflated space. Predictions for observables thence become a statistical problem not only depending on the parameters of the high energy theory, but also on those describing the observer, or more precisely, the data sets accessible to the observer. Moreover, E IR does precess since it is progressively built up as a Gaussian random walk by modes crossing the horizon. One of the goals of this paper is to understand the observational implications of this phenomenon. As mentioned above, naïvely one would expect the axial symmetry of the quadrupole in single vector models to be broken by this rotation. However, as we shall see, to good accuracy the symmetry is protected by an effective cut-off excluding modes whose wavelength is smaller than the patch which the cosmic data is collected from. Instead, the primary observational consequence is that different cosmological data sets, whose redshift coverage differ, such as the cosmic microwave background (CMB) versus large scale structure (LSS), will be expected to bear statistically different signatures. This is an interesting observational consequence of having fundamental or effective horizons embedded in a bath of infrared fluctuations. We aim at studying the effect at the quantitative level, both for single vector models and multi-vector models.
To summarize, the main goal of this paper is to further advance our understanding of anisotropic signatures in the context of models with Lagrangians of the form I 2 (φ)F 2 . In this framework we will discuss in depth the statistical properties of the anisotropies characterizing the quadrupolar correction, and connect, again statistically, theoretical expectations with measurements in different datasets / probes. We shall start with a full description of our (fairly model-independent) parameterization of the primordial power spectrum in section 2. Then, in section 3, we introduce the background model (section 3.1), and summarize known results about vector quantum fluctuations (section 3.2) and their power spectra (section 3.3). With the tools at hand we will discuss the lanscape picture which derives from our setup in section 4; we include a detailed physical interpretation of the spectrum and the role of the IR fluctuations (section 4.1) including phenomenological constraints (section 4.2) and generalizations to the multi-vector case and the three-point function (section 4.3). Section 5 unravels the statistical properties of the precession phenomenon (section 5.1), which we concretely apply (section 5.2) to give priors for deviation in detections based on different data sets in both single and multivector models. Finally, in section 6 we summarize our main findings.
Parametrizing the primordial power spectrum
In this section we shall develop a parametrization of general quadrupolar power spectrums which isolates the intrinsic degrees of freedom we can make predictions for. The power spectrum P ζ (k) is defined via the two-point correlation in Fourier space:
where the Dirac-delta function is a consequence of statistical translational invariance. 2 Since we do not assume rotational invariance, the power spectrum P ζ (k) depends not only on the magnitude k = |k| of the wave vector, but also on its direction k = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ). We parametrize the most general statistically homogenous power spectrum in the following form
where Y lm (ϑ, ϕ) are the spherical harmonics. Note that P I (k) is the isotropically averaged power spectrum:
In this paper we use real Y lm 's so that all coefficients b lm are real. The monopole term (l = 0) is accounted for by the first term in the parenthesis, while (l = 2, 4 . . . ) account for the quadrupole and higher order terms. The odd terms (l = 1, 3 . . . ) vanish because of the reality condition ζ(−k) = ζ * (k) and hence P ζ (k) = P ζ (−k). In general the coefficients b lm are functions of k which means that the anisotropy is scale dependent.
In models of inflation with spatial vectors, the power spectrum is commonly parametrized in the axisymmetric form:
where ϑ k,n is the angle between the mode vector k and a preferred directionn cos ϑk ,n =k ·n (2.5) and g (in general a function of k) parametrizes the anisotropy. Although this power spectrum breaks full rotational invariance, it has one residual symmetry with respect to the axisn, which is assumed to be aligned with the vector field. If the vector field rotates, or if multiple vector fields are present, the residual rotational symmetry will in general be broken. The most general quadrupole is parametrized by five independent functions b 2m (k). We shall now discuss an important subclass of this. In the important special case when all five coefficients are proportional b 2i (k) ∝ b 2j (k), ∀i = j ∈ {−2, −1, 0, 1, 2} the power spectrum The proof is given in appendix A. We can therefore parametrize the power spectrum (2.6) as
where the directional functions 9) are proportional to Y 20 (k) and Y 21 (k), respectively. The parameters g(k) ∈ R and χ ∈ [0, π/2] are defined by Hence, we have developed a generalization of the axially symmetric power spectrum (2.4) which is not restricted by any continuous rotational symmetry. The parametrization is valid under the assumption that all of the spherical harmonic coefficients have the same scale dependence. 3 This condition is commonly obeyed by models of anisotropic inflation including interactions of the type I 2 (φ)F 2 which we focus on in this paper. Note that g(k) has the same scale dependence as the functions b 2m (k) while χ is exactly scale invariant. Also note that P ζ (k) is invariant under a parity flip k → −k, or equivalently (k, ϑ, ϕ) → (k, π − ϑ, ϕ + π), as required by the reality condition ζ(−k) = ζ * (k). The absolute value of g is an invariant under rotations and related to the quadrupole scalar by
For the case χ = 0 equation (2.7) can be rewritten on the axisymmetric form (2.4) with the redefinition g/(1− g/3) → g. Planck data constrains |g| to be maximum at the 2% level in which case the two definitions match well [21] . Note, however, that there is no data analysis considering the two parameters family we have introduced here, thus the bound's dependency on χ is unknown. Nevertheless, it is reasonable to assume that the amplitude |g| must be small also for χ = 0. The contribution from Y 20 and Y 21 are equivalent when χ = π/4. For χ ≪ π/4 the quadrupole is almost axisymmetric while for χ > π/4 it is dominated by the symmetry-breaking term.
Finally, it is important to point out that although there are just two parameters in our scheme, an observer looking for imprints in the CMB or LSS will have three additional parameters associated with the orientation of the quadrupole on the sky. It is in general not possible to make predictions for these additional parameters since they are drawn from uniform probability distributions. They merely correspond to the three Euler angles used to cast the power spectrum in the form (2.7), where we have isolated the two intrinsic degrees of freedom that we can make predictions for, namely the amplitude g and the shape χ. Nevertheless, a data scrutator carrying out a likelihood analysis needs to trace out a fivedimensional parameter space. This is two more than if restricting to axisymmetric power spectrums on the form (2.4). In that case there is just one intrinsic parameter, namely the amplitude g, which is the only one that concrete models of inflation can forecast. The two other empirical parameters correspond to the random orientation of the preferred direction on the sky: since the quadrupole is axisymmetric in this case, only two parameters are needed to fix it, adding up to an overall count of three. We note that by breaking the axial symmetry of the quadrupole, we actually introduced two more parameters, one intrinsic (χ) and one additional Euler angle required fix the orientation on the sky unambiguously.
Vector fluctuations and the primordial power spectrum
We summarize here all the basic definitions, conventions, and known results for our setup.
Lagrangian and background dynamics
The basic interaction Lagrangian we employ is
where F µν = ∇ µ A ν −∇ ν A µ is the strength of the vector field A µ . The coupling is dynamical and depends explicitly on the inflaton field φ through I(φ). We define the electric-type and magnetic type three vectors
where primes denote differentiation with respect to conformal time τ , and we rely on the, isotropic, Friedmann-Lemaître-Robertson-Walker (FLRW) metric
Throughout this paper ǫ is the slow-roll parameter defined via ǫH 2 ≡ H 2 − H ′ , where H ≡ a ′ /a ≡ aH is the conformal (comoving) Hubble parameter. A denotes the physical (transverse) three vector in the gauge A 0 = 0. E and B represent the (comoving) orthonormal frame components of the field strength tensor (times the modulation function) so that the energy density associated with the vector takes the standard form (E 2 + B 2 )/2. As mentioned in the introduction, we do not assume the gauge field to coincide with standard model U (1) photons, but keep the electromagnetic notation for convenience. In principle one should adopt a metric which can accomodate the anisotropy (of a homogenous vector) and study the perturbations in that background. Although this is certainly not a prohibitive task, it does result in a fair computational complication since in that case scalar, vector, and tensor perturbation do mix. However, as it was shown in [5] [6] [7] , a percent level quadrupole anisotropy amplitude is generated by a tiny anisotropic expansion with ∆H/H ∼ 10 −8 . Moreover, the statistical anisotropy of perturbations comes essentially from the direct coupling (3.1) and not from exciting metric perturbations. Hence a Bianchi type background metric would not change the physical results of this work neither qualitatively nor quantitatively. This prompts us to keep the isotropic metric for our work, following [30] (where an extensive discussion about this point can be found).
In this work we shall not rely on any specific form of the modulation function I(φ). Instead we shall assume that it produces a scale invariant spectrum of frozen electric type vector modes. This is obtained when the vacuum expectation value scales as I ∝ a −2 , in which case the magnetic type modes quickly decays (similarly, constant magnetic-type modes are obtained with I ∝ a 2 thanks to the electric-magnetic duality). In addition to being phenomenologically interesting, this behaviour is motivated by a global attractor solution of the classical field equations, which exists for quite general classes of coupling functions I(φ) and inflaton potentials V (φ). This background solution possesses a homogenous background vector E 0 in an anisotropically inflating universe whose magnitude scales as |E 0 | ∝ H, namely I ∝ a −2 when ignoring slow-roll corrections [23] [24] [25] [26] [27] [28] [29] . 4 Apparently, then, scale invariance is attractive. However, in the next section we shall review how energy is being transferred from the ultraviolet to super-horizon scales via gauge modes which become classical upon horizon crossing. We acknowledge the fact that it is presently unknown whether the I ∝ a −2 attractor is stable under quantum back-reaction, but, nevertheless, stick to the same assumption as most of the literature cited in this paper (for an exception, see [32] which considers a free parameter in the gauge field power spectrum).
Generation of vector fluctuations
After quantization in a gauge with vanishing temporal component A 0 , the (three) vector potential can be written A = A 0 + δA, where A 0 denotes the solution of the classical equations while the quantum fluctuations (see [33, 34] for details on the quantization pro-cedure)
are expanded in circular polarization vectors satisfying k·ǫ
where the mode function is 6) and the annihilation / creation operators satisfy
. The corresponding fluctuations of the field strength can be decomposed in electric-and magnetic-type components
Following [30] we let E IR and B IR denote the parts of δE and δB that only consist of superhorizon modes so that the integration in (3.4) is restricted to wave vectors satisfying
(3.8)
The lower limit is the value of H = aH at the beginning of inflation which eliminates modes that has never been touched by the inflationary machinery (which is a reasonable assumption since quantum fluctuations are generated in the ultraviolet). The upper limit cuts off modes smaller than the horizon. Notice that E IR (B IR ) has not the same time dependence as δE (δB) since H (and therefore the upper limit of integral) is dynamical. We shall disregard slow-roll corrections and assume that H is a constant during inflation so that it is related to the conformal time parameter by aH = −1/τ . Inserting (3.4) into (3.7) and using the identities of the polarization vectors leads to
where
As explained above the integration domain in (3.9)-(3.10) is over all k satisfying (3.8). In (3.11)-(3.12) we have neglected quadratic and higher order terms in kτ which is a good approximation for superhorizon modes. We note that B IR is decreasing and suppressed by the small prefactor kτ relative to E IR . Contributions from B IR to the primordial power spectrum can therefore be neglected and we shall mainly focus on E IR below. The transition from a quantum field to a classical vector field coincides more or less with horizon crossing (and that is so because of the source term: it would not happen in vacuum since the massless vector field is conformally invariant [35, 36] ). First we note that δE and δB commute at first order, with each other and with themselves (in the sense that
this is not the case for subhorizon scales where higher order terms in kτ cannot be neglected. This is a consequence of the fact that the raising and lowering operator have the same time dependency in the large wavelength regime. For the same reason the eigenvectors of δE do not change with time. For all these reasons we can view E IR as a classical field. Moreover, as pointed out in [30] , since it only consists of superhorizon modes, E IR looks like a homogeneous vector field to a local observer. A homogenous classical vector field is one which points in the same direction and with the same magnitude across a spatial slice. It therefore introduces a preferred direction in the universe. Since local observers do not have access to the fluctuations of E IR , an extreme case of cosmic variance is introduced. Such an observer will only be able to measure a single value E IR (τ ). This realization is drawn from a Gaussian probability distributions with variance given by the vacuum expectation value: 13) where N is the number of e-folds since the start of inflation (a = a i e N ). Hence, the dynamics of E IR can be viewed as a Gaussian random walk with a new piece drawn from a distribution with variance 9H 4 /2π 2 added for each e-fold. We emphasize that, since the modes originate from quantum fluctuations in a FLRW background (to good approximation), the direction of the new piece is random and, consequently, the total vector rotates/precess under the stochastic build-up (we characterize the dynamics statistically in section 5.1).
Effective interaction Hamiltonian
Here we shall write down the essentials needed to calculate the curvature power spectrum including the effective interaction Hamiltonian associated with loop terms. We follow a procedure similar to the one in [30] and start by splitting the power spectrum in two pieces 14) where the first term is the dominant isotropic part and the latter represents the anisotropic correction produced by the vector. 5 For the monopole we are only interested in the lowest order (de Sitter) expression
The quadrupole correction is calculated via the in-in formalism
where the unperturbed FLRW operator is given bŷ 17) and the effective interaction Hamiltonian associated with E IR is [30] 
There will be an additional contribution coming from the vacuum expectation value E 0 which represents the attractor solution of the classical equations of motion. This gives another term to the interaction Hamiltonian similar to (3.18) with E IR → E 0 . We shall mainly neglect the contribution from E 0 in this paper since it is both homogenous and stationary (it does not rotate), so its consequences are already well understood.
The identification of the effective interaction Hamiltonian (3.18) is a bit non-trivial; we refer to [30] for the details and just provide an explanation of the essential argument here. It represents a loop correction originating from the δE · δE term in the interaction Lagrangian. When taking this term directly into account, it leads to an isotropic correction to the power spectrum because δE is drawn from a distribution that respects rotational invariance by assumption. The corresponding theoretical expectation value could only be tested empirically by a hypothetical super observer with access to the entire inflated space. However, as local observers we are limited by causality in our ability to test our models empirically. Specifically, the superhorizon part of δE, namely E IR , violates isotropy since it looks like a homogeneous classical vector locally. As our local patch of universe corresponds to a particular realization of E IR , we are interested in the effective power spectrum describing such patches (which obviously must be described by stochastic parameters). Therefore, the effective contribution from the loop term ∝ δE · δE in a given realization is actually of the form ∝ E IR · δE which leads to the interaction Hamiltonian (3.18).
We shall finish this section by providing an expression for the quadrupole correction δP(k) which allows for the full time dependence of E IR , thence including its rotation, to be accounted for. Carrying out the commutation relations in the correlation function (3.16) we can write
and the definition (3.11) of δE the expectation value on the second line of (3.19) can be calculated leading to the power spectrum
The contribution from times where a mode is sub horizon is negligible so we have set τ min = −1/k as lower limit in the integrals to ensure that only super horizon fluctuations are taken into account. 6 4 The IR Landscape (Bubbland)
As explained above, the effective interaction Hamiltonian under consideration depends explicitly on E IR , namely the sum of gauge modes which at a given instant are super horizon. Although E IR is a quasi-homogeneous vector, pointing in a fixed direction and with a constant magnitude over the accessible spatial patch, it varies significantly over length scales much larger than the horizon. This leads to a landscape of associated signatures where local observables depend on the position of the observer within the entire inflated space. Hence the causally connected patch of the universe, Bubbland, which very likely is exponentially larger than our observable universe (as is the case if inflation lasted even only a few e-folds longer than what is required to solve the horizon problem), consists of a multitude of bubbles each with its own signatures dictated by the local realization of the infrared vector. The contribution from E IR to the primordial power spectrum P ζ (k) was first taken into account in [30] . See also [38] for a study of the inflationary buildup of infrared modes in more general classes of models with light vector spectator fields. However, as we shall study quantitatively in section 5, E IR possesses a rotation which is significant over the time interval the CMB modes cross the horizon. This phenomenon has so far been neglected in the literature and one of the main goals of this section is to discuss its implications for P ζ (k) and the interpretation thereof. We shall also see that the intrinsic randomness of the infrared vector transfers directly over to local observables: we then use this to set constraints on the model in a statistically sound manner.
The effective IR cutoff
Let us practically compute the time integrals appearing in (3.21). Apparently, because of the (randomly) rotating vector E IR (τ ), δP has the form of a general quadrupole without any axial symmetry and should be parametrized as (2.7). This would be faulty, however, since E IR is not a truly homogenous vector. Indeed, the only reasonÊ IR (τ ) has to rotate after a given curvature perturbation with wavelength 1/k has crossed the horizon, is that new vector fluctuations δE with wavelengths smaller than 1/k become infrared and are added to E IR defined in (3.9). Despite being super horizon, these new vector modes cannot be viewed as background for the considered curvature perturbation mode and should be subtracted off from E IR . A first approximation (justified in detail below) would be to subtract from E IR any mode with wavelengths smaller than our presently observable patch of the universe 1/H 0 : in this way we make sure that we are dealing with homogeneous vectors from our point of view, and we obtain an effective power spectrum describing our (present) Hubble patch. We thence opt for substituting E IR (τ 1 ), E IR (τ 2 ) → E IR (τ 0 ) in (3.21) where τ 0 = −1/H 0 is a constant under the integration. In practice:
whereÊ IR = E IR /|E IR | is the normalized classical vector, and N k is the remaining number of e-folds of inflation when the comoving mode k crossed the horizon. This approximation neglects the effects of the gauge modes which lie in the range 1 Mpc 1/k 1 Gpc; these CMB-accessible modes do have a small impact on the quadrupole correction which can be roughly quantified, to validate our approximation above. During inflation all modes with k > −1/τ in experience rotation. That is because from τ in to some given τ = −1/k more and more modes have been added to the E IR background. Of course, as we have noticed before, anything which is beyond this τ makes no difference for k, but will make a difference for higher k.
Let us look at the 1 Mpc mode. During inflation, up until this mode leaves, the background E IR for this mode has been changing ever since the beginning; the background vector stops precessing (from the point of view of the 1 Mpc mode observer) as soon as this mode becomes superhorizon. Since our present observable universe is much larger than this mode (which has fallen back into the horizon in the past), what we observe is a collection of several bubbles for each of which the rotation experienced by the k = 1/Mpc mode is random. Then in general the quadrupole parameters which describe one bubble are not the same at those describing any other bubble. But the orientations are random, and there is a finite number of bubbles. Thence, the observed actual rotation will be averaged out amongst the multitude of bubbles, see figure 1 .
To quantify this suppression we proceed as follows. For each e-fold a new piece E n with variance ∼ H 4 is added to E IR . N e-folds after H 0 crossed the horizon there are n B = e 3N bubbles. The distribution of the average of n B independent normal distributions with variance H 4 is another normal distribution with variance H 4 /n B . Thus the variance of the new contribution is suppressed by a factor e −3N . This demonstrates that the corrections are very small and that the quadrupole will be axisymmetric to a very good approximation, namely, χ ≃ 0 and the power spectrum can be parametrized by the usual g parameter alone.
Of course, it is not strictly true that each bubble is independent, especially neighboring bubbles are highly correlated. However, when N grows, the distance between two random bubbles is typically much larger than the wavelength of the new modes which have recently crossed the horizon (again, see figure 1 ), so that the correlation is extremely low and our Figure 1 . Two dimensional schematic illustration of the evolution of a comoving patch with size equal to the present horizon. The red circle represents the present observable patch 1/H 0 which left the horizon N ex e-folds after the start of inflation. The blue and green circles represents the horizon roughly N ex + 1 and N ex + 2 efolds after start of inflation, respectively. The blue and green arrows represents E 1 and E 2 , namely the contribution to E IR added in the time intervals (N ex , N ex +1) and (N ex + 1, N ex + 2), respectively. In this illustration E 1 and E 2 in different bubbles are drawn from (independent) normal distributions whereas in the real world neighbouring bubbles are correlated. However, the number of bubbles grows exponentially fast so quickly the typical distance between two (random) bubbles is so large that the correlation is negligible.
estimate becomes more precise. To summarize: in principle the precession affects the primordial power spectrum also in the single vector case. That effect however is tiny (and totally negligible if the total duration of inflation is significantly longer than the 60 or so required to solve to horizon problem), which justifies our steps leading to (4.1). Of course this clear boundary with a cut-off at k = H 0 is not so sharp in the real world, but makes the analysis very tractable, intuitive, and mostly analytic.
The total power spectrum can thus be written in the standard form (2.4) 4) and ϑk ,n denotes the angle between the wave vector k and the preferred directionn. Here we have employed the fact that g is constrained observationally to be much less than unity to simplify its expression. Mathematically this is identical to the result in [30] , although this pioneering paper did not discuss the rotation of E IR and omitted the complications we focus on here. What we would like to point out is that (4.2) represents an effective power spectrum which is observer-dependent. By an 'observer' we here mean a clever cosmologist able to reconstruct the primordial power spectrum from cosmic data. Specifically, the quantitiesn and g are dictated by the status of E IR at the time τ 0 = −1/H 0 when the mode corresponding to the horizon of the observer crossed the horizon. This implies that neither the direction nor the amplitude of the quadrupole are fixed. Two observers living at two different times, but at the same (comoving) position, will reconstruct different amplitudes and directions.
As an example, consider an observer at redshift z = 6. His comoving horizon is a factor e smaller than the present horizon, (1/H) z=6 ∼ 1/(eH 0 ). The classical vector E IR dictating the imprints in this patch is therefore not the same as the vector creating imprints in our (larger) patch. Over one e-fold of inflation E IR has both rotated and changed magnitude, and the quadrupole's amplitude and shape imprinted in cosmic data are going to be (statistically) different. Thus the two observers cannot expect to agree on the preferred direction they observe on the sky although they inhabitate the same position and are not that much separated in time.
A comment now on the role of the background vector attractor solution E 0 , which we have neglected here. As mentioned above it gives a contribution to the interaction Hamiltonian similarly to E IR . The total power spectrum therefore takes the same form as (4.2) with the substitution E IR → E classical = E 0 + E IR [30] . Although the contribution from E IR is identical to that of E 0 mathematically, its interpretation is quite different. Unlike the sum of the infrared fluctuations, namely E IR , the background attractor solution E 0 is truly homogeneous: in a sense it corresponds to an infinite wavelength. There is therefore no inhomogeneous part to cut off and, consequently, the contribution from E 0 is not observer dependent (and it does not precess); an observer at z = 100 or in the future would reconstruct its impact on the primordial power spectrum in the same way as an observer today.
Phenomenology
Here we shall constrain the total duration of inflation (assuming existence of the gauge kinetic coupling) adopting the recent analysis of [21] which put the model independent constraint 0.002 ± 0.016 (68% CL) using Planck data and the analysis of [39] yielding g 0 < 0.02 (95% CL) for models with the I 2 F 2 interaction. We shall restrict our attention to the case of a single vector since bounds for multi-vector models were already reported in [31] .
Inserting N H 0 = 60 together with the slow-roll value ǫ = 0.01 in (4.4), we find that g 0 ≡ g(H 0 ) = −0.1 corresponds to |E IR (τ 0 )| 2 /V ∼ 10 −8 . Hence, a 10% anisotropy is produced by a vector field which is suppressed 8 orders of magnitude compared to the inflaton energy density. This well-known result corroborates our choice of isotropic FLRW metric. Next, we use it to set 3H 2 M 2 p /V = 1 so that (4.4) can be written
whereẼ = E IR (τ 0 )/ 3H 4 N ex /2π 2 is a rescaled vector having the expectation value Ẽ 2 = 3 according to (3.13) . Here N ex is the "extra" e-folds of inflation in addition to the 60 or so needed to solve the horizon problem. With this redefinition the stochastic component of g 0 is encoded inẼ 2 whereas the dependence on the total duration of inflation is given explicitly by the factor N ex in (4.5). Each component ofẼ is drawn from a Gaussian distribution with unit variance and g 0 is proportional to the chi-square distributed variablẽ E 2 . It follows that the probability distribution function (PDF) of the amplitude of the quadrupole is The probability for g 0 > 0 is zero and the function is normalized so that integration over all negative reals equals unity. For the unperturbed spectrum we can use the Planck best-fit value P 0 ≃ P ζ ≃ 2.2 · 10 −9 [40] . The largest observable mode left the horizon around 60 e-folds before the end of inflation in canonical models so, for concreteness, we set N H 0 = 60. However, the PDF also depends on the free parameter N ex ; in figure 2 we have plotted the PDFs for three examples with N ex = {4, 8, 16} together with the Planck distribution/constraint [21] . 7 7 The limits reported in [21] are 0.002 ± 0.016 (68% CL), 0.002
−0.032 (95% CL) and 0.002 +0.037 −0.048 (99.7% CL). This indicates that the distribution is (very) close to a Gaussian with mean 0.002 and standard deviation 0.016 which is the distribution (orange region) drawn in figure 2. Note that we have not shown the distribution corresponding to the model-specific limit reported in [39] . The reason for this is that it relies on a fitting-function (which is non-Gaussian, see figure 19 in [41] )) whose explicit form is unknown to us. We are then ready to constrain the free parameter phenomenologically. Per definition, integration of P(g 0 ) from the i-th percentile to 0 equals i/100. In the upper panel of figure  3 we show the median value of |g 0 | = −g 0 together with the 68% and 95% confidence intervals as functions of N ex (build from the 2.5th, 16th, 84th, 97.5th percentiles). Note that g 0 varies as much as one (two) order(s) of magnitude over the 68% (95%) regions. In the lower panel of figure 3 we have plotted the 68th and 95th percentiles as functions of N ex . We have explicitly marked the intersections with |g 0 | = 0.02 and |g 0 | = 0.10. For instance, if N ex = 7.5 there is 68% chance for observing |g 0 | < 0.02, or conversely, 32% chance for |g 0 | > 0.02. At 95% confidence the similar statistics is obtained for N ex = 3.4. In a similar way constraints on N ex for the looser limit g 0 < 0.10 can be read off from the figure.
5 t h p e r c e n t i l e 6 8 t h p e r c e n t i l e
We conclude that if N ex is around 8 (4) or larger, the IR fluctuations alone creates a quadrupole with expectation values in conflict with constraints reported in [21] ( [39] ). Our reported bounds are conservative in the sense that we disregarded the contribution from the background vector E 0 , which would increase the expectations for the total quadrupole (after integration over all possible alignments between E 0 and E IR ). 8 However, it should be emphasized that these limits are obtained under the assumption I ∝ a −2 whose validity depends on the (unknown) dynamical effect of quantum back-reaction as discussed in section 3.1. Taken at face value our derived tight limits on N ex suggest that the largest observable modes might not have reached the vacuum state upon horizon crossing and may carry information from the pre-inflationary phase as discussed in [42] for a minimally coupled Maxwell vector and in [43] for the I 2 (φ)F 2 coupling in particular.
Collection of vectors, and non-Gaussianity
Above we justified that, as an approximation, the power spectrum can be written in the axisymmetric form (2.4). To demonstrate the full capability of the parametrization developed in section 2, we shall here briefly consider the multivector case where the two parameters (g, χ) go hand in hand; for a complete presentation of the statistical predictions and implications see our previous work [31] . We also report the expressions for the three-point functions for the case of multiple gauge fields with uniform coupling at the end of this section.
Let
µ denote n copies of the Abelian gauge field. The interaction Lagrangian (3.1) generalizes to
µ . The interaction Hamiltonian (3.18) generalizes in an obvious way: since operators of different gauge fields commute, the quadrupole correction (4.1) becomes
which, barring special alignments between the different vectors, can in general not be recast in the axisymmetric single-vector form. The collection of vectors contributes with an isotropic piece, encoded in the spherical harmonic component a 00 , as well as the anisotropic part (encoded in a 2m ). The total power spectrum can then be written on the form 9) where P 0 (1 + a 00 Y 00 ) is the isotropically averaged power spectrum (compare to (2.6)). We are interested in the case that the dominant contribution to the power spectrum comes from the scalar field, a 00 ≪ 1. The smallness of the anisotropic modulation is, as usual, controlled by the amplitude g. In the single vector case |a 00 | ∼ |a 2m | so that the smallness of |g| guarantees the smallness of |a 00 |. In the multivector case, however, this is not the case because a 00 scales proportionally to n whereas a 2m scales as √ n (verified below). The condition a 00 ≪ 1 leads to the additional constraint [31] nN ex ≪ 10 4 , (4.10)
in which case the total spectrum (4.9) takes the form (2.6) with P 0 ≃ P I and a 2m ≃ b 2m . Let us check how this condition compares to our assumption that the vectors are spectator fields, namely that the total energy budget is dominated by the (slowly rolling) inflaton:
Hence the spectator condition is much weaker than (4.10). Before proceeding, we would like to point out that there exist a large regime 10 4 ≪ nN ex ≪ 10 9 , where the total energy is dominated by the inflaton, whereas the curvature perturbations are dominated by the vectors (resembling curvaton models for instance). In that case (4.9) becomes
Since the power spectrum isotropizes as g ∝ a 2m /a 00 ∝ √ n/n in this regime, it could be an interesting direction for further studies.
From our formulas a Monte Carlo routine can be implemented to infer statistical predictions for the power spectrum. By making realizations of the n uncorrelated vectors E (i) IR , the spherical harmonic components, which under the condition (4.10) takes the form 13) can be rotated to the formb 2m = (0, 0,b 20 ,b 21 , 0) using the matrices in Appendix A. From here the amplitude g and shape χ characterizing the power spectrum (2.7) are obtained via (2.10)-(2.12). In figure 4 we show the mean value and 68% error-bars as a function of number of gauge fields n for 10 4 realizations of E (i)
IR . This verifies that the amplitude g (and therefore a 2m ) scales proportionally to √ n as claimed above.
It is straightforward to go one step further and compute also the three-point function. The single-vector case has been already discussed in [30] , so we refer to that paper for the technical steps of the computation, with the proviso that once again in general the IR component E IR depends explicitly on time, so before taking the (three) time integrals one needs to specify that E IR is evaluated at τ → τ 0 = −1/H 0 . The multifield case can be again computed by a straightforward generalization of this result, leading to
where the two permutations are obtained by rotating k → p → q, and the angular function Kos is defined, with all E IR taken at τ 0 , as
Once again, in general this expression can not be reduced to the single-field case (which can be obtained for n = 1).
Priors for cosmic data sets
In order to make definite and quantitative predictions capable of linking the fundamental theory to observations via different types of cosmological data sets we need to understand the statistical properties of the vector condensate. This is so because the correlators under consideration are dictated by the status of the IR vector(s) at the "cut-off" time τ cut = −1/k cut , where 1/k cut is the radius of the patch being probed. If the relevant cut-off is the causal horizon of the observer we have (roughly) τ cut = −1/H 0 as discussed in section 4.1. However, in practice the cut-off might not be set by causality alone. Whereas the CMB probes our entire Hubble patch, large scale structure (LSS) surveys are limited to redshifts below or around unity. Thence parameter reconstructions based on galaxy surveys are not expected to agree with those based on CMB. This deviation is unrelated to measurement uncertainties or systematic errors and would be present even if primordial correlators could be perfectly reconstructed from cosmic data. Statistically one expects a stronger anisotropy in LSS data because the comoving patch is smaller and therefore the cut-off more reductive (thereby typically producing a stronger IR vector). Another way to see it is that the CMB bubble contains several LSS bubbles. Since the preferred direction in the smaller bubbles are different, the signal in the larger bubble is typically weaker (due to averaging effect). This is an interesting observational consequence of embedding fundamental or effective horizons in a bath of (classicalized) quantum fluctuations. We will study the effect at the quantitative level below and start by characterizing the dynamics of the IR vector.
Dynamics of the vector condensate: Gaussian random walk
In this section we shall characterize the dynamics of the IR vector statistically. Each component of E IR is drawn from a Gaussian probability function
with a variance that is one third of the expectation value in (3.13):
It follows that the norm E = |E IR | is given by the chi distribution
which is normalized according to
The variance is time dependent through its linear dependence on N , which represents the number of e-folds since the start of inflation. E IR is therefore a dynamical vector which rotates / precess and with a mean norm scaling as |E IR | ∝ N . We can view the dynamics as a Gaussian random walk where a new contribution E new i (drawn from a Gaussian distribution) with variance 3H 4 /2π 2 is added to E IR i for each e-fold. Figure 5 shows Monte Carlo simulations for the time evolution of the angular coordinate ϑ over 7 e-folds for 15 (random) realizations.
We would like to know the typical precession and change in magnitude between two arbitrary times N a and N b with N b > N a (we use the e-fold number N as our clock in this section). We let E a ≡ E IR (N a ) denote the realization at a time N a and E b at a later time N b . 9 Furthermore we let σ 2 a and σ 2 b denote the variances at these times, for instance σ 2 a = (3H 4 /2π 2 )N a and similarly for σ 2 b . The new field added during this time interval E new = E b − E a is drawn from the distribution (5.1) with σ 2 replaced by
It follows that the conditional probability density for E b given E a is
(5.5) 9 We shall always write a and b as superscripts since subscripts are reserved for the components of the vector. For instance Figure 5 . The time evolution of the angular coordinate ϑ = ∆ϑ (measured in degrees) over 7 efolds for random realizations of the Gaussian statistics associated with the vector. In the left-most figure inflation has lasted 10 e-folds before the start of the plot, while in the middle and right-most figure 100 and 1000 e-folds, respectively. For each case we show 5 Montecarlo realizations. We note how the precession is suppressed in the panels to the right where the vector has had a longer time to build up (before the start of the plot). We have used 10 steps per e-fold and used a linear interpolation between the points.
for each component, and thus
for the vector. We change to spherical coordinates by E b = E b (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ).
Without loss of generality we align E a with the z-axis so that ∆ϑ = ϑ represents the total angular precession over the time interval (N a , N b ) . The actual probability (density times volume element) is then
(5.7) To get the probability function for the total precession ∆ϑ, we integrate over ϕ ∈ (0, 2π) and E b ∈ (0, ∞), which can be done analytically, and get
where we have defined
and the error function
The conditional probability is positive definite on the interval (0, π) where ∆ϑ is defined and is properly normalized to unity
This is the probability that E will precess an angle ∆ϑ during the time (N a , N b ) given that the magnitude is E a at N a . However, what we are really after is not the conditional probability given a specific realization at N a , but instead the typical precession during the time interval (N a , N b ) (without any assumption about the magnitude at N a ). This distribution is given by integrating over all magnitudes E a weighted by their probability 12) where P(E a ) is the chi distribution (5.3) (with the substitution σ → σ a ) and P(∆ϑ|E a ) is given by (5.8) . This is our sought after probability which characterizes the total precession of E between two arbitrary times N a and N b . To extract some useful information from it, such as the mean rotation ∆ϑ = π 0 ∆ϑP(∆ϑ)d∆ϑ, (5.13) the formidable integral (5.12) must be solved numerically. . The dotted black line is the mean precession ∆ϑ over 7 e-folds, while the black continuous line is the same for the median value. The dark and light orange regions represent the 68% and 95% confidence intervals, respectively, both centered around the median. Figure 6 shows the (statistics of the) precession over seven e-folds as a function of time; this roughly corresponds to the time interval over which the CMB modes traverse the horizon (1Gpc/1Mpc ≃ e 7 ). More specifically, the dotted black line in the upper plot shows the mean value of the precession, ∆ϑ , over the time interval (N , N +7) for N ∈ (0, 10 4 ), whereas the continuous line is the same for the median value of ∆ϑ. The dark orange region is the 68% confidence interval, while the 95% confidence interval is in light orange.
We see that the precession of E IR is rather significant unless inflation had lasted for an extremely long time before the CMB modes crossed the horizon. Even if inflation had lasted already 100[1000] e-folds when the CMB modes left the horizon, the mean precession of E IR over the next seven e-folds would be 14.8 [4.8] degrees. The relatively weak dependence on N is due to the fact that the mean magnitude scales as √ N . Only for N 10 4 we can be 68% [95%] confident that the precession over one e-fold is in the narrow range (0.5, 2.3)
Next, we derive the PDF for the change of the magnitude E using a similar procedure. Again we start from (5.7), this time integrating over ϕ ∈ (0, 2π) and ϑ ∈ (0, π), to find
We are interested in the distribution of the parameter X = E b /E a . The conditional probability P(X|E a ) is obtained by a simple change of variables in (5.14). Again, the transition from P(X|E a ) to P(X) is given by the convolution (5.12) which can be done analytically in this case: 15) where r = σ b /σ a > 1 and the normalization is ∞ 0 P (X)dX = 1. We shall employ this result in the next section.
CMB/LSS
Here we shall employ the statistics derived above to give the prior for the expected deviation in primordial parameters. We shall discuss the single vector case and the multivector case separately since the latter requires a Monte-Carlo approach. In both cases, we are primarily interested in the deviation of the amplitude of the quadrupole. We define 16) which is positive if the detected anisotropy is stronger in LSS than CMB data. The probability distribution of δ depends on the redshift cut-off in the data sets. The search for anisotropies in the LSS data carried out in [20] is based on the Sloan Digital Sky Survey with a cut-off in the galaxy catalogue at red-shift z = 0.6. Euclid, however, will be able to measure galaxies and clusters of galaxies out to redshifts ∼ 2. For concreteness and simplicity we shall here assume that the comoving CMB horizon is a factor e larger than the comoving LSS horizon. With a CMB at redshift 1100 this corresponds to a LSS cut-off at redshift 1.9 which is within reach of Euclid.
A single vector
In models with a single gauge vector it is straightforward to employ the statistics derived above to obtain the prior for the deviation in amplitude g and preferred directionn. The former is parametrized by δ introduced in (5.16) and the latter by ∆ϑ defined
Let us start with δ which is determined by the evolution of the magnitude E. By a change of variable in (5.15) we obtain the PDF In the upper panel of figure 7 we show the mean, median, 68% and 95% confidence intervals of δ as function of the free parameter N ex . For generality we show N ex in the large interval (1, 10 4 ) although we know it must be small phenomenologically (section 4.2). As expected it is likely to detect a stronger amplitude in LSS than CMB data, namely the probability for δ > 0 is greater than for δ < 0. However, it is still possible to measure the strongest g in the CMB as the entire region below the 68% confidence interval corresponds to negative δ.
In such realizations gauge modes with comoving wavelength larger than the LSS bubble, but smaller than the CMB bubble, happen to partly cancel out the sum of large scale modes (wavelength larger than the CMB bubble). For N ex = 5, which evades the Planck limit, the median and mean (ensemble average) are 0.20 and 0.60, respectively, while the 68% and 95% confidence intervals are (−0.31, 1.1) and (−0.70, 3.8). The actual deviation measured by an observer depends on his position in Bubbland and corresponds to a single realization drawn from this statistics. In figure 7 we show the same statistics for the deviation in preferred direction ∆ϕ measured in degrees. Here we assumed that ∆ϕ is set by the the precession of E IR over a single efold which we calculated numerically using (5.12) . For N ex = 5 the median and mean are 19 and 24, respectively, while the 68% and 95% confidence intervals are (8.7, 38) and (3.2, 78) . A comment is in order here. In this analysis we have ignored the existence of the background solution E 0 alongside E IR . The motivation for doing so comes from the fact that all the new dynamics and interesting observational results come from the stochastic component rather than the background constant component; that is, E 0 is a truly homogenous vector which does not rotate. The results we depicted so far are mathematically valid in the case the IR component contributes the most, but it is a bit unrealistic that our quantitative conclusions apply exactly in that case; of course qualitatively the picture we describe is still perfectly accurate. Thus, even though we are, technically speaking, limited to a subdominant E IR over E 0 (corresponding to a small N ex ) in which case ∆ϕ will be suppressed compared to our estimate, we decided to retain our approximation for its mathematical simplicity and ease of interpretation in terms of the underlying physics. In this case we are able to track the physical results to the exact dynamical mechanism which triggers them.
A triad of vectors
As a proof of concept for multi-vector models, we consider here a triad (n = 3) of vectors. In addition to δ defined above we shall also consider the change in the shape parameter
In figure 8 we show the distribution of δ and ∆χ for 10 5 Monte Carlo realizations with N ex = 5. As in the single vector case we note that δ > 0 is statistically favoured; it is expected to see the largest amplitude in LSS. In figure 9 we show the median value and 68% error bars for a selection of N ex on the interval (1, 20) . As expected both parameters decrease with increasing N ex . 10 We also note that ∆χ is symmetric around ∆χ = 0: the probability for having the largest χ is democratically shared between the LSS and CMB. This is also expected since the probability distribution of χ is independent of N ex (see the PDF's reported in [31] ). 
Conclusion
The Universe generated by inflation might well be much bigger than the patch we observe today. If this is so, some of the observables we use to describe it may not reflect the true, full-Universe values -that is, they may be biased. Recently there has been a growing literature, in various contexts, on implications of infrared fluctuations for local correlators, see for instance [44] [45] [46] [47] for the multi-scalar or isocurvature context. We have analysed here the statistics of the curvature perturbation ζ in inflationary models with massless, ghost-free gauge vector kinetic coupling of the type I(φ) 2 F 2 . We specialized to the I ∝ 1/a 2 case in order to obtain flat gauge spectra -this solution is in fact a classical attractor for a large class of models for I(φ). We have shown how this bias then depends on the local background value of the gauge fields, which include contributions from all modes with wavelength k H 0 . In particular, a quadrupole correction emerges; we have developed a complete parametrization of this correction, that is, we have shown how the most general outcome of the model can be recast in terms of two quantities, an amplitude g(k) and a scale-independent shape χ.
The commonly assumed axial symmetry for the quadrupolar correction (χ = 0) is broken by the dynamics of the sum of classicalized gauge modes which make up the infrared vector E IR . In fact, the infrared vector experiences a statistical precession phenomenon: it behaves as a random walk in the space of all possible orientations as inflation proceeds, and its imprint is captured by the ampler two-parameter set. For the single-field case we have demonstrated how this correction is in fact close to axisymmetric (χ ≃ 0), i.e., one parameter (the amplitude g) is usually sufficient to describe the deviation from isotropy. If there are multiple identical gauge fields instead the symmetry is definitely broken, and the new shape parameter χ then leads to distinct new signatures.
We have studied the statistics of the quadrupole analytically as well as through Monte Carlo realizations. The only free quantity in the model is N ex : the "extra" e-folds of inflation in addition to 60 or so needed in canonical models. For a fixed total duration of inflation it is then possible to determine -statistically -what the expected distribution of the quadrupolar parameters would be. We find that while with a N ex of order 1 the amplitude g stays relatively small, once N ex ≫ 1 the distribution rapidly flattens to include appreciable probabilities also for large quadrupoles. Specifically we find that g 0 < 0.02 to 68% (95%) confidence for N ex ≃ 8 (N ex ≃ 4). Another way to look at it is that for N ex ≈ 17 [76] , an acceptable 2% level is realized only less than 32% [5%] of the times, that is, the model is 1σ[2σ] away from observations. Interestingly, the effects of the dynamics of the IR vector background also translates into a prior for the expected deviation between measurents based on different cosmological datasets once such datasets probe different patches. That is, a cosmological probe going out to a given redshift will in general measure a different primordial quadrupole (g, χ) than another observable reaching higher z. This happens because imprints in local correlators are dictated by the status of the vector background (which is assumed to decay away once inflation ends) at the time τ = −1/k cut , where 1/k cut is the comoving radius of the patch being probed (by an observer today). As we have shown, the vector changes quite appreciably (both in magnitude and direction) over 1 e-fold if N ex is within the phenomenological limits discussed above. In fact a large scale structure survey with redshift cut-off at z = 1.9 (within reach of Euclid) is sensitive to the status of the IR vector exactly one e-fold later than the z = 1100 cut-off of the CMB. We found, as expected, that it is more likely to measure a stronger anisotropy in LSS surveys than in the CMB (since the infrared vector had more time to build up stochastically), and that the offset between observed preferred directions can be quite large. To mention an example, for the single vector model with N ex = 5, the median and mean (ensemble average) for the weighted offset of the amplitude, δ, are 0.20 and 0.60, respectively, with 68% and 95% confidence intervals (−0.31, 1.1) and (−0.70, 3.8).
The results we have obtained in this paper rely on the split E cl = E 0 + E IR and are mathematically valid in the case the IR component contributes the most; since it is somewaht unrealistic that this is the case, our quantitative conclusions will not apply exactly in nature. Of course, a fully consistent approach requires introducing stochastic noise, both gauge field noise and scalar field noise, into the (classical) field equations and deal with the full solutions for the inflaton as well as the vector (which in general can not be expected to coincide with E 0 + E IR ) -a task which is far beyond the scope of this paper, and in fact poorly understood even in simpler cases of single field inflation. Nonetheless, we believe the picture we have described in this paper is sufficiently accurate to be relevantfor sure qualitatively, but hopefully also quantitatively. Especially the multi-vector case is interesting in the context of this issue, since the background attractor is free of anisotropic stress and hence the only anisotropic correction to the power spectrum comes from the infrared component [31] . In that case our results are mathematically correct also in the safe regime |E IR | ≪ |E 0 |. Furthermore, the parametrization we have developed for the power spectrum is model-independent and from the phenomenological point of view we believe it is important to constrain a general quadrupole (g, χ) experimentally without the presumption of axial symmetry (χ = 0): in particular it would be interesting to see how the limit on the amplitude g depends on the shape parameter χ. 
A Uniqueness of the parameterization
In section 2 we developed a two dimensional parametrization for power spectrums with a general quadrupole correction. Here we present the details of the mapping from the five parameters {b 2m } in (2.6) to the two parameters {g, χ} of (2.7). Our main goal is to prove that the mapping is unique: for each set {b 2m } there is one and only one doublet {g, χ}.
In this paper we use the following real orthonormal basis for the spherical harmonics (only l = 0 and l = 2 are relevant for us): ). An arbitrary rotation of the sphere can be obtained by a rotation ψ 3 around the z-axis, followed by a rotation ψ 2 around the y-axis and another rotation ψ 1 around the z-axis: where the parentheses indicate the sign conventions for cosψ 1 , cosψ 2 and cosψ 3 , respectively. The first solution correspond to a rotation arcsin(α 3 ) ∈ [−π/2, π/2, ] around the z axis, followed by a rotation π around the y axis followed by another rotation arcsin(α 3 ) around the z axis. The first and third rotation cancels so that the solution (A.8) correspond to a rotation π around the y axis. Solution (A.9) describes a rotation ±π/2 around thez-axis followed by another rotation ±π/2 around the same axis, adding up to a total rotation π around thez-axis. The third solution (A.10) represents a rotation around thẽ y-axis with an angle ∈ [−π/2, π/2] that depends onb 20 andb 21 .
After an arbitrary rotation consistent with the sign convention (+, +, +) the new state vector has the following non-vanishing components: .7), we obtain the definitions of g and χ, see equations (2.10)-(2.12). Finally we remark that although the convention (A.15) ensures the uniqueness of the mapping {b lm } → {b 20 ,b 21 }, it does not fix the coordinate system uniquely. In fact, there are exactly four coordinate systems corresponding to the map. To see this, note that there are 2 non-trivial operations which leaves the state vector (b 2m ) invariant. The first one is given by solution (A.8). The second one is given by solution (A.9) followed by (A.10) (or in the opposite direction since they commute). Together with the unit element these operations form a group which can be used to switch between the four coordinate systems.
